Lecture 1:
Lesson and Activity Packet

MATH 232: Introduction to Statistics
September 7, 2018

How This Works: Each class, we will try to work through a packet like this (and we'll
keep some local paper companies in business, I suspect; please recyclel}. There are some
notes, and some exercises. Individual exercises are in green boxes, and group exercises are
in yellow boxes. There are also some worked examples and definitions as part of the notes.
If there is ever a packet we don’t complete, I'd ask you to work through the exercises and
read the notes as best you can before the subsequent class; you can always ask Svetlana (the
SI tutor) or me (Dr. Kiley) for help if you're having trouble understanding something. We
will work through the packets together as a class, so please don’s read too far ahead, unless
you just can't help yourself. ..

When trying to think about data sets, we might want a convenient single valuc that somehow
represents all of the data in the set at once.

For example, from MCLA's web site, we learn that the “average class size” is 18 (we will
find out shortly how to skew this figure up or down for the particular example of class size).
There are many, many classes offered at MCLA every semester, and the “average class size”
is a way of quickly giving one value that is representative of all of the class sizes.

Definition 1 (Measure of Central Tendency)

A measure of central tendency is a “fypical” numerical vahie that helps deseribe z data set.

An important note! Mathematicians and statisticians avoid using the word “average” to
describe a measure of central tendency, because it can actually mean several things,

We will discuss four popular measures of central tendency today:
* Mcan
* Median
s Mode

¢ Midrange




‘The mean is what many people think of, when thoy think of “averages”. For cxample, the
term “grade point average” typically denotes the mean of a student’s course grades. The
mean is defined as follows:

Definition 2 {Mean and Sample Size)
For the data set®
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the mean value is denoted &, and has value
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Here, the number n is referred to as the sample size—because there are n many poinis in
the sample.

9Data sets are always written as lists of numbers enclosed by “curly braces” { }. For example, the set of|
ages of people n my knitting group is {30,22,60,53,37,42,19]).

Notes about this definition:

s The definition relies on a mothemation! ubsirgction; that is, the data set that is given
as an example is not a set of actual numbers, but eack of the #; stands for a number
in a possible data set. In terms of this abstraction, the “knitting group” data set has
n =",z =30, 2, =22, z3 = 60, and so forth.

The definition uses sunnnativn notation. If this notation is not familiar to you, please
check Canvas for a link that explains it.

+ The cquals sign in the expression 1377, z; = Ttmebonded®s 4 the equals sign in

the expression # == £ 3", =, look different (the latter one has a colon in front of it).
Some authors ES to distinguish the assertion “A is equal to B” from “dcfize A as
an object equal to B", If you have taken a computer science course, then you have
probably already learned this distinction; for these who have not and who are curious,
you will find a link on Canvas to further explanations. A great deal of mathematics
has to do with fine distinctions like these.
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Example 1 (Computing the Mean)

T said carlier that the set of ages of people in my knitting group is {30, 22,60, 83, 37,42, 19}.
¢ The mean age is computed as follows:

22
Mean Age— 30+224+60+83-+37+42+19 _ mm...w.ﬁﬁ..mm.w.
7 7
| If I were reporting this mesn in ar official document where I would not wani to mislead
: readers, I would round this number to the nearest whole, and report that the mean age
: among the members of my group is 42°.

°T would round becanse if I reported the mean age as 41.857 years, it might lead readers to believe that 1
had more precise knowledge of the ages to begin with—that I knew more significant digits (decimal places) ?
than T actnally did. My data set consists of just whole, two-digit mumbers with no decimals, so any measure
of central tendency of that sei should not contain more than two significant figures either. See Canvas for a}
rur :“_B EG_EE m_m.EmnmE figures. ]
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In some cases (where all the data points are non-negative numbers}, the mean actually gives What if there is one extreme value? Say that in addition to the seven people already in my
us a cap on the maximum value among the data. Look at the formula again: kaitting group originally, a 97-year-old joins us next Wednesday. Let’s see what that does

to the mean age:
DFG it 1o 30422460+ 8337 +42+ 19407 390
n ) Mean Age = et L_my rREA BT 5 48,75,
Multiply beth sides by n: Because one 97-year-old joined, this umped the mean age up to 49, instead of 42 as it was
before. But ihe others all remained the same age. Since the mean cannot resist substantial
changes caused by extreme values, we say that the mean is not a resisfunt measure of central
tendency.

n
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If all data poinis (that is, ali of the ;) are non-negative, then in the extremal case, one of Example 2 (Class Size Paradoz)
them is nonzero, and the rest are zero; in that case, the only nonzero value is equal to nZ,
the sample size times the mean, The maximum possible vatue for any of the data points,
then, is the sample size times the mean. In math words, that is, for all data points z; in
the set of sample size n (that is, for whole-number i values where 1 < § < ), it is true that

Let’s first compute the mean class size at a university by recording the size of each class,
and leiting our data set be the list of class sizes (so that the sample size is equal to the
number of classes offered). We then take the mean of that data set. For example, suppose
that our college offers five classes with sizes in the set {36,124, 15,7,150}. Then the mean

would be: 364124 115+ 7+ 160 332

Mean Class Size = g =5 = 66.4.
Now, let’s compute the mean class size experienced by studoats—which is a different concept
than the mean class size, because there are more students in larger classes. For each student,
the size of each class he or she is taking is put into a large data set. For example, if Jehan is

. B . . . . : taking classes of size 36, 15, and 7, and Mara is taking classes of size 36, 15, and 124, then

; . I together, they contribute those six points to the data set. In this case, the sample size is the
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W ke T Sormn m_ Los i * - / sum of the elass sizes (because each student in each class contributes that class’s size onee
, to the data set). We then compute the mear of that data sct. For our example from above,
_»\S(h ,_\F VAL DA \o 8= A” % \\,Q\ a0 . there are 36 students contributing 36 to the data set, 124 students contributing 124 to the

data set, 15 students contributing 15 to the data set, ard so on, so that the data sef is

{36,36,...,36,124,124,...,124, .., 150,150, . .., 150}

- . C ! ; 36 thmes 124 times 150 times
1Ny AV AR M pdand e o dalla ‘ ‘ ‘
- \N\ ﬁ The mean class size experienced by students is therefore:
o 0 o Aﬁ:? A e ST foap o 3696 H 124124 116015 7.7 _ 30,446 _
AR ‘ 24 i \ Mean 36+ 124+ 1547+ 150 a3z 1B
As you can see, these two methods produce wildly different results. The notion that “the
- A_ w\* v%\ bow . average student is in a larger-than-average elass™ is referred to as the class size paradox®.

Most of the time in their literature, universities do not specify how they compute the mean
class sizes they report, which a statistician would consider to be bad scientific practice.
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%A sclentific paper was published on this; see Canvas for the link.

;m;\(vr“r s 5 .\T_\ A.wm(r. VLA A AL [

, i e el
A ..d\r....:m., ANty

.m&\ﬁ];. gﬁf? ﬂég{?{u ] W

An- 9&\5\_\#.\?.& A._Tkxw@f. coannal At W Ao 53..5...\_.‘._}.




The median of a set of data is another measure of central tendency that is important to know,
because it helps avoid the possibility of being misled by very small or very large values in
the data set.

When you List the dats in increasing order, the median represents a “center” or “middle”
value, where the number of data values less than the median is the same as the number of
data values greater than the median. To make this definition mathematically rigorous, we
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need to consider sample sizes that are both even and odd. When the sample size is odd, the o Lo C , , .

median is exactly the middle value. When the sample size is even, the median is the mean po i AL e % ;S emg gt L Y
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Definition 3 (Median)

If the set {x1,%y,. . .,%,} has values listed in increasing order (that is, #; <@y <+ < Ty ),

then the median of the set is @1y if n Is odd, and is the mean of { T2 Bnpapny } I 1
is even.

{Example 3 (Computing the Median (odd))
In a recent month, our state’s Department of Conservation of Resources reported 53, 31,
.67, 53, and 36 hunting and fishing violations in five different counties. The median number
: of violations is found first by listing the data in increasing order:

31, 36, 53, 53, 67.

i Because the sample size is odd, the median is the middle value: for n = 5, the index of the
i middle is #41 = 3, and so the median is the third valuc in our list. That is, the median s
53,

H

Computing the Median (even))

: - . + 4 Ly
* Repeat the previous example, including a sixth county where there were 42 violations. ﬁ\/ﬂ ﬂ N by mf Wy . ~ V,ﬁ o .
Ve again list the data ip increasing order: V Pt " . avc F b
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Example 4 (

31, 36, 42, 53, 53, 67.

acausc our sample size is now even, the median is the mear of the middle two items. For
=6, the middle two items are m =3 and m +1 =4, and so the median is the mean of the
: third and fourth items in the list. That is, the median is

42453 95




Yet amother measure of central tendency is the inode. This is the value in a data set that
occuzs with the highest frequency (and more than once). One of its main advantages is
that it Tequires no calenlation or sorting (only counting), making it less computationally
expensive for cxtremely large data scts.
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20 of the talks at Jast year’s Undergraduate Research Conference were attended by 26, 25,
28, 23, 25, 24, 24, 21, 23, 26, 28, 26, 24, 32, 25, 27, 24, 23, 24, and 22 of its members, H...EA
the mode.

Among the twenty numbers, 21, 22, 27, and 32 each occwrs once; 28 occurs twice; 23, 25,
anel 26 each occurs three times; Eﬁ 24 gccurs five times. Thus, 24 is the modal attendauce.
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For the previous example, the set {0,1,9,3,6} is a connterszample to the assertion that a
mode always exists—that is, that particular example praves the assertion wrong. If someone
had told me that all horses were brown, I could show a white horse as a counterexample to
prove that person wrong.
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If there are two wodes for a set of data, the set is cafled bimadul; if there are three modes,
it is called #rimodal; the Latin prefixes continue ad aeuseam, and at some point, if there are
many modes, the data set is called mwltimadal.

The fina} measure of central tendency to discuss is the midrange. It is exceedingly simple to
compute.

Definition 4 (Midrange)

For a set S of data, the midrange is computed as

S in{S
Midrange = E
Note that we give our general set the name S in this definition. We would write this as
5= {31, a,..., 8}

Example 6

With the URC attendance example discussed above, the midrange is 242 = 5 — 26.5,

10




ol

I

Y GRS

‘g1 sqmagdog onp aq (i pue ‘seame) of pajsod wea(| SBI T YI0MOWOH e

T FIomemol #R[dmod nod s10jeq pImNbaI ST 71 9q ‘eperd mod 0] sINqLITH0D JOT A
2Inb sppy, ‘aleqy Zinb 1) aj9(durod pue ‘seauer) HO S[NPOUI SNGR[[AS AN} puy asea[

V.—HD\F@EOHIH Sosnarin hw

jorede pre nele suoijou 98a1]] 98 (1M 9
uorIssse ue saoldsip o sjdurexsIajuno])
gsatan bl
|70 ‘sopown ‘suerpamn ‘stvat J0] GBURSIXG]
}Jo SUOLOU [EII3BUIOJRUI BT[] PATLIEa] OS[E SAN
$INRA JWMITYXD 0F JURISIEIT JON —
amduroo 0 Ases] —
S2ueIPY
anbrun 2 0} pestuzIenE J0U ST Y ‘ISIXe S0P SpOW B WA, —
18X 07 paajuelens s{emfe JoN —
opoy »
1 9400 2T€ $2 TRIPHUT 9] AO[AY I8 135 I} UL SIR[EA AUTHI §y —
gazls S[dWEs PPo pue Uess J0] A[Juelayip peindmoyy —
TP »
RIEP SATIRHST-UOT JO 3500 UT ‘9NRA WINKITXBWR oY) TNOqE ST S[RY, —
Louopus) TRIIHAD JO MISEIW JUDJsTsal B JON —

TEIN =

:£ouspua) [EIJU8D JO SINSEaW SUIMOO] 3Tf) INOUR PIUTLI] I

deooyy

OF T4 L

,/ f W) # >..w:..y A _, m .w \.@Q}ﬁ. ; ﬂwm .,, (\_5
T

w7 7 ¢
T T i v \LP_ _\F\

\M\ fovw 4 (5 ) ! ,_ i .

? d Ty o I ﬁw.\\w&\z_\w,,\ W\w\:ﬁ .ﬁzﬂ\_.w m_ 2] - .%Ai .

faws <

T e 3!

g __ o -
S (g1 5157 .

VERNNEY I Sty % L s

‘ i ! . - o .
S ﬁn___.m_. m_i,m_ B w_, L P RN vy

AT L RVRN I e.&
LT

m,v% 7\1} I .Sgﬁﬁw_a

Y
jua—
-

/'\.
-
s
S

a,.
>

ol

)

¢

9,

A. ._ m f rﬁw _\,ﬁ Jqﬁsx.. ) , & .ﬁi v v. R o.¢ WA _..Q Q% nv.)w\.ﬂb ._anu w04 f N :\@?‘_ .w

“}

spi ML W

i M\\\. \mww ! ﬁw \@i / T_ I @_ \ ,+;.C m: .ﬁ_\_. eyl

vy v.mw\ﬁa;x\&\,\%\.“\\ue Wit 105 __j L._;.\s_@ 2! s




