Lecture 7:
Lesson and Activity Packet
MATH 330: Caleulus III
September 28, 2016

Announcements and Homework

» Written Homework due in class one week from today

s Canvas Homework due Friday 11:59 p.m.

Recap

¢ Review of scrics until now
» Comparison test

s Limit comparison test

s Root test

¢ Ratio test

Questions on any of this?

If not, then today's lesson will be on alternating series.

In the preceding seetions, we studied the root test and the ratio test, which are fandamentally
different from the integral test, the comparison test, and the limit comparison test in that
they apply even to series with negative terms,

There i8 a special kind of series whose terms are alternatingly positive and negative.

Definition 1 (Alternating Series)
An wlternating series is an infinite series of the form

o0
m (-1 =a —ep+es ~aitaz -,
=0

where for all n € N, a, > 0.

Example 1

2, (-1t
o The alternating harmonic series is MU B
n=1

..SH__ HMH
¢ The geometric serics M -3} = 1— =+ —— =+ also alternates.
n=>0

Let’s consider the partial sums of an alternating series in the particular case of an alternating
series with a, > apq) > O for all »n € N and e, - 0.
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Recap of Ways to Determine Series Convergence — Can reindex: 3757, @, =3 004 0,1, and in general %, =% 1 o

o ot term test for divergence

¢ Definition of partial sums and convergence an infinite series: #’ﬁ litBn o0 8n # 0, then 3700 @, diverges.
A - . : foal 3 1,
For the infinite series 77| &, the partial sums are defined by — Converse is false! Counterexample is the harmonic series, whose terms approach
» zero but which diverges anyway.
Si=a: S,=a az e+ Sy =
1 =815 O2=a1+ ag; N Ma._ ) o Integral test

or equivalently by the recursion relation H a, = f(n) where f is positive, continuous, and decreasing for all 2,7 > N € N,

then 3% . and [ f{z) d= either both converge, or both diverge (sometimes
Si=ay; Sp=84tu,forn>2. said: “the sum and the integral converge or diverge together”).

The series converges if and only if its sequence of partial sums converges, and if » Comparison test

there is convergence, then the sum of the scries is defined as the limit of the partiai

suns. If is particularly convenient to use this method for telescoping series. Suppose that for all » > N, ag, b, and ¢, are all positive.

— If 3" ¢, converges and for all n > N, b, < ¢, then ¥ b, converges too.

* Geometric serics: - If 3¢, diverges and for all n > N, @, <D, then ¥ b, diverges too.

Limit comparison test

_ oo par” converges to 1 if |r| < 1, and diverges if [r| > 1. ﬁ

® p-series: Suppose @, >0 and b, > 0foralln> N.

_ 5% 1 converses i p > 1, and diverges if p < 1. _ 1 Iflimg e 32 = L= 0, then 3 e, and } b, converge or diverse together.

n=t WP

- 2. If limy, e 2 =0and 3 b converges, then Y a, converges too.
— Special case: the harmoenic series 3 oe, <. Does not converge! (Does not con-

verge!) 3. If limy e mw = co and 3 b, diverges, then ¥ a,, diverges too.
o Combining series: o Ratio test
—IfyYa,=Aand 3 b, =B, then Y (a,+b,)=A+B. To determine convergence or divergence of the series 3 a,, compute
_ I T Gntt
If 3 a, = A then 5~ (ka,) = kA L= lim . |

~ Every nonzero constant multiple of a divergent series diverges foo.

— If 3" a, converges and 3 b, diverges, then ¥ (an + b,) and ¥(a, — b,) both
diverge too. 2. If L > 1, then the scries diverges;

— If 3" a, and }, b, both diverge, then we cannot say anything about either 3 (a, +
by} or 3 (an — ba).

— Adding or deleting finitely many terms doesn’t affect whether a series converges,
just (pessibly) its sum.

1. If L < 1, then the series converges;

3. If L =1, then the test s inconclusive.




e Rtoot test

To determine convergence or divergence of the sories - a,, compute

p= lim {/}a,|.

Lo el

ot

If p < 1, then the series converges;
2. If p > 1, then the series diverges;

3. If p= 1, then the test is inconclustve.

« Alternating series test

o
If the alternating series Mnlbfsn: has a, > 0 and satisfies the following two
-1
conditions: ?
— @ Z >0 YneN, and

- _..Eualoo i, =0

then the alternating scries converges.




